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1. Introduction 

Let Pn = k[xi,X 2 ^ ■ ■ ■, Xn] be the polynomial algebra in the variables xi, X 2 ,..., over 
a constrnctive field k. One of the first applications of Grobner bases (see, for example 0 ) 
gives the decidability of the ideal membership problem for P„, i.e., there exists an effective 
algorithm which for any finite seqnence of elements f,fi,---,fm^Pn determines whether 
/ belongs to the ideal (/i,..., fm) or not. Another application of Grobner bases [23] gives 
the decidability of the snbalgebra membership problem for P„, i.e., there exists an effective 
algorithm which for any finite sequence of elements f,fi,---,fm^Pn determines whether 
/ belongs to the subalgebra (/i,..., fm) or not. The subalgebra membership problem in 
characteristic zero was also solved in [18] without Grobner bases. 

Traditionally, the ideal membership problem for free algebras is called the word prob¬ 
lem for corresponding variety of algebras. The word problem is undecidable for many 
subvarities of semigroups [S], groups, and associative and Lie algebras PEg. More de¬ 
tails on this classical problem can be found in a survey paper m- The decidability of the 
word problem, in general, is related to the study of Grobner-Shirshov bases [2]. The word 
problem is decidable for polynilpotent 91221-groups [10] and for polynilpotent 9t29tc-Lie 
algebras [T]. 

A well known Nielsen-Schreier Theorem states that the subgroups of free groups are 
free [U] and a Shirshov-Witt Theorem states that the subalgebras of free Lie algebras are 
free [24114T] . These results easily imply the decidability of the subalgebra membership 
problem for free groups and free Lie algebras. The subalgebra membership problem is 
decidable also for free metabelian groups [2T] and free metabelian Lie algebras [32] • It is 
undecidable for free associative algebras [27] and for free solvable Lie algebras [28] and for 
free solvable groups [29] of solvability index > 3. The subalgebra membership problem 
for free metanilpotent Lie algebras, i.e., Tit-Lie algebras, is decidable PIT]. 
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The basic concepts of differential algebras can be found in [121 I^Ql 125]. Let A = 
{(5i,..., Sm} be a basic set of derivation operators and let X 2 , ■ ■ ■, Xn} be the differ¬ 

ential polynomial ring in free differential variables xi,X 2 , ■ ■ ■ ,Xn over an arbitrary com¬ 
mutative ring $ with unity such that hi($) = 0 for all i. There are several approaches 
to dehne analogues of the Grobner bases for differential polynomial algebras HiniDra] 
and some recent results can be found in [13]. The differential ideal membership prob¬ 
lem is solved positively only in some interesting particular cases (see, for example in 
dSEa]). At the moment the membership problem for differential ideals generated by a 
single polynomial is still open. It is negatively solved for recursively generated differential 
ideals [3] . The membership problem for hnitely generated differential ideals of differential 
polynomial algebras was formulated by J.F. Ritt in [20] p. 177, Question 2]. 

In this paper we prove that the membership problem for hnitely generated differential 
ideals is algorithmically undecidable, i.e., the word problem for differential algebras is un- 
decidable. The main instrument of proving this is an interpretation of Minsky machines. 
The proof uses the fact that every recursive function can be calculated by Minsky ma¬ 
chines without cycles [2^. Using a method of interpreting the ideal membership problem 
from [30], we also prove that the membership problem for hnitely generated diherential 
subalgebras is undecidable. 

Our proofs need at least two derivation operators. Thus, these problems are still open 
for ordinary diherential polynomial algebras. 

The rest of the paper is organized as follows. In Section 2 we hx some standard notations 
and recall some dehnitions on diherential algebras. In Section 3, we give an interpretation 
of the Minsky machines and prove the undecidability of the ideal membership problem. 
In Section 4 we give an interpretation of the ideal membership problem and prove the 
undecidability of the subalgebra membership problem. 

2. Differential polynomial algebras 

All our rings are assumed to be commutative and with unity. Let R be an arbitrary 
ring. A mapping d : R ^ R is called a derivation if 

d{s + t) = d{s) -|- d{t) 
d{st) = d{s)t + sd{t) 

holds for all s,t E R. 

Let A = {^ 1 ,..., 6m} be a basic set of derivation operators. 

A ring R is said to be a differential ring or A-ring if all elements of A act on 7? as a 
commuting set of derivations, i.e., the derivations St : R ^ R are dehned for all i and 
6i6j = 6j6i for all i,j. 

Let 0 be the free commutative monoid on the set A = {5i,...,(5m} of derivation 
operators. The elements 

0 = 5iu..c 

of the monoid 0 are called derivative operators. The order of 6 is dehned as 16^1 = 


m* 
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Let i? be a differential ring. Denote by the free left i?-module with a basis 0. Every 

element u E R can be uniquely written in the form 

u = reO 
eee 

with a hnite number of nonzero tq G R. We turn to a ring by 

diV = r6i + 6i{r) 

for all i and r E R. It is well known [1^ that these relations uniquely dehne a structure 
of a ring on i?® and every left module over R^ is called a differential module over R. In 
particular, i? is a left R^ and every / C i? is a differential ideal of R if and only if I is an 
i^'^-submodule of R. The ring R^ is called the universal enveloping ring of R. 

Let X® = {x^\9 G 0} be a set of symbols enumerated by the elements of 0. Consider 
the polynomial algebra over R generated by the set of (polynomially) independent 

variables x®. It is easy to check that the derivations 6i can be uniquely extended to a 
derivation of i?[x®] by di(x^) = Denote this differential ring by R{x}; it is called the 
ring of differential polynomials in x over R. 

By adjoining more variables, we can obtain the differential ring R{xi,X 2 ,..., x„} of the 
differential polynomials in xi, X 2 ,..., x„ over R. Let M be the free commutative monoid 
generated by all elements x®, where 1 <i <n and 9 E Q. The elements of M are called 
monomials of i?{xi,X 2 ,... ,x„}. Every element a G i?{xi,X 2 ,... ,x„} can be uniquely 
written in the form 

a = 

m&M 

with a hnite number of nonzero G R. 

Every ring can be considered as a differential ring under the trivial action of all deriva¬ 
tion operators. If all differential operators act as zeroes on i?, then i?{xi, X 2 ,..., x„} 
becomes an i?-algebra. In studying of Grobner bases, we usually assume that i? is a 
constructive held k or the ring of integers Z. 

3. The ideal membership problem 

Minsky machines are multi-tape Turing machines [16]. The hardware of a two-tape 
Minsky machine consists of two tapes and a head. The tapes are inhnite to the right and 
are divided into inhnitely many cells numbered from the left to the right, starting with 
zero. The external alphabet consists of 0 and 1. The hrst cells on both tapes always 
contain 1 and all other cells have 0. The head may acquire one of several internal states: 
go, • • •, Qn] Qo is the terminal state. At every moment the head looks at one cell of the 
hrst tape and at one cell of the second tape. 

The program of a Minsky machine consists of a set of commands of the form 

(1) QiSa -E- QjTaTg, 

where I < i < n, 0 < j < n, e,a E {0,1}, a, f E { — 1, 0,1}, and a > 0 if £ = 1 and f > 0 
if cr = 1. This means that if the head is in the state qi observing a cell containing £ on 
the hrst tape and a cell containing a on the second tape, then it acquires the state qj and 
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the first (the second) tape is shifted a (resp. (5) cells to the left relative to the head. If 

a = —1, for example, then the hrst tape is shifted one cell to the right. 

A conhguration of a Minsky machine can be described by a triple [i,m, n], where m 
and n are the numbers of the cells observed by the head in the hrst and the second tapes, 
respectively, and g* is the internal state of the head. We write 

[i,m,n] ^ [j,p,g], 

if a Minsky machine at the conhguration [i, m, n] gets the conhguration [j,p,q] in one step, 
i.e., as a result of execution of one (a unique!) command of the type ([T]). 

Recall that in algorithmic theory the set of natural numbers includes 0, i.e., M = 

{0,1,2,...}. Minsky [16] proved that for every partial recursive function / : N —)■ N 

there exists a Minsky machine that calculates f{x), i.e., for every natural x it passes from 
the conhguration [1,2^,0] to the conhguration [0, 0] if f{x) is dehned, and operates 

inhnitely, never reaching the terminal state go, if f{x) is not dehned. 

We say that a Minsky machine has a cycle if there exists a conhguration [i, m, n] such 
that the machine starting work at this conhguration returns to the same conhguration in 
a hnite number of positive steps. A Minsky machine without cycles is called acyclic. 

We need the next lemma. 

Lemma 1. [2^ Let S be a recursively enumerable subset of natural numbers N. Then 
there exists a two-tape acyclic Minsky machine that for every a; G N starting work at 
the configuration [1,2^“',0] reaches [0,1,0] infinitely many steps if x E S and operates 
infinitely if x ^ S. 

First of all we assume that the basic set of derivations A = {(5i,..., 6 m} contains at least 
two elements. Moreover, we may assume that A = {(5i, ^ 2 } since the other derivations do 
not hurt our proofs. 

We also hx a recursively enumerable subset S of the set of natural numbers M and hx an 
acyclic Minsky machine M that calculates the characteristic function of S as in Lemma 
[H Assume that ([T|) is the set of all commands of M. 

Let $ be an arbitrary ring. We consider all our algebras over $. In the case of 
positive solutions of algorithmic problems we have to assume that $ is constructive (or 
computable). But it is not mandatory for negative solutions. Of course, we assume that 
<h contains a nonzero unity. 

We consider $ as a diherential ring with the trivial action of the derivation operators. 
Let A = ^{xi,X 2 , go, ■ ■ ■, be the free diherential algebra over $ in free diherential 
variables Xi,X 2 , go, gi, ■ ■ ■, qn- 

With each command of M of the type ([T]) we associate the element 
f{i,e,a) = xlx^Sl-^dl-^^iqi) - xlx 26 l-^+^ 6 l~'^^^{qfi 

of the algebra A, where 1 < z < n and e,a = 0,1. Denote by I the diherential ideal of A 
generated by all elements f{i,e,a). 

Denote by J the diherential ideal of A generated by the elements 

6 i{x 2 ), 62 {xi). 
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Put also 


fm = X 1 X 2 SI (gi) - XiX2^i{qo) 

for all m G M. 

Proposition 1. Element fm of A belongs to the differential ideal I + J if and only if 
m E S. 

The rest of this section is devoted to the proof of this proposition. 

Denote by B the quotient algebra AjJ. 

Lemma 2. The algebra B is a polynomial algebra over $ in the polynomial variables 

( 2 ) 

where i,j > 0. 

Proof. Let i? be a polynomial algebra over <h in the set of variables (|2]). We can turn 
R to a differential algebra by 

= 0 , 52 ( 4 ( 12 )) = 5;+'(i'2), 

5i(4(i2)) = 0,5i(5;5»(j/)) = S \+^ Sl ( y ), S2 ( S \ Si ( y )) = 
for all i, j >0 and y G {go, • • •, Qn}- 

Consider the differential homomorphism ip : A ^ R dehned by ip{x) = x for all 
X = Xi,qi. Obviously, ip{J) = 0 and it easy to check that the induced homomorphism 
A/J —)■ i? is an isomorphism. □ 

We continue to work with the algebra B. The images of elements of A in i? will be 
written in the same way as in the algebra A. The images of f{i,e,a),fm, and I will be 
denoted by g{i,e,a), Pm, and J, respectively. 

Notice that B is homogeneous with respect to each of its polynomial generators (EJ. 
Moreover, the elements g{i,e,a) and pm are homogeneous with respect to each of the 
polynomial variables 

(3) 5\{xi),5\{x2), i > 0, 
and with respect to the group of variables 

(4) 5\5l,{qo)m--,d\5i{qn), i,j > 0. 

Denote by V the set of all monomials in the set of commuting variables ([2]). Every 
element of the universal enveloping algebra B^ can be uniquely represented as a linear 
combination of elements of the form 

(5) vdldl veV,i,j>0. 

Let deg be the standard polynomial degree function on B, i.e., deg(?/) = 1 for all 
elements from (|2]). All elements p{i,e,a) and pm are homogeneous with respect to deg 
and 

deg(g(q£,a)) = l + e + cr, deg(g^) = 3. 

We also dehne polynomial degree functions degj^ and deg 2 on B as follows: degi((5|^(a;i)) = 
i + 1 for alH > 0 and deg(g) = 0 for all other variables from (|2]); deg 2 {Sl{x 2 )) = j + I 
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for all j > 0 and deg(?/) = 0 for all other variables from (|2]). For any v E V put 
Deg(n) = (degi(r’), deg 2 (n)). Let < be the lexicographic order on (recall that N in¬ 
cludes 0). For any v E V denote by v its highest homogeneous part with respect to Deg. 
The elements g{i,e,a) and gm are also homogeneous with respect to Deg. 

Lemma 3. 

Proof. We consider only the case e = 1 and <7 = 0 since the other cases can be treated 
similarly. We have 

g{i, 1 , 0 ) = Xi6l{qi) - XiS^Sl'^^(qj). 

Consequently, 

dldlgit, 1,0) = Sl6l{x^6liq,) - xp5“4+^(g,)) 

= Sl{xi5l~^^{qi) - 

r=0 

Consequently, 

6lSlg{i, 1 , 0 ) = 6l{xi)S^^-^\qi) - 6l{xi)S°Sl~^^^^{qj). 

This proves the statement of the lemma for e = 1 and a = 0. □ 

With each element of B of the form 

( 6 ) u = 5^{xi)5l{x2)5i5l{qi), a,b>l,s,t>0, 

we associate the conhguration [i, s, t] of the Minsky machine M. 

Denote by Wcr the set of all elements of S® of the form 

w = {5t{x,)Y-%5^,{x2)Y-^5l5l 

where a,b > 1 and s,f > 0 

Every v E V can be uniquely represented as v = viV 2 , where vi is a monomial in the 
variables ([3]) and V 2 is a monomial in the variables (jl]). We have Deg(n) = Deg(ni) and 
Deg(n 2 ) = (0,0). We denote Vi by {v}. 

Lemma 4. Let u and v be two elements of the form Then 

(7) u — V = wg(i, e, a) 

for some w E V^a- if o,nd only if {«} = {n} and [m] [n] as a result of the execution of 

the command m (or [n] —>■[«] if 1 + 1 = 0 in ^). 

Proof. We consider only the case e = 1 and <7 = 0. Then w G Fio has the form 

w = 6;{x2)6l6l 
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By Lemma [3l 


«''(g(!, 1 , 0 )) = i;(x2)ifi5^(g(!, 1 , 0 )) 

= si(x,)Si(x2)Si*Hai) - si{x{)Si{x-i)sti‘2*'*Ha,) 

Assume that 1 + 1 7 ^ 0 in <h. Then ((Tj) holds if and only if 

u = i;(xi)^2'(i'2)i5+'(g,), V = Si(x2)si{x2)6‘is‘i'*‘‘(qi)- 

Notice that u, v has the form (Ej), {«} = {"y}, and [u] = [i, 0, t +1] and [n] = [j, a, f + l + /d]. 
We get [u] —)■ [n] as a result of the execution of the command ([T]). 

If 1 + 1 = 0 in $, then 

V = Sl{x 2 )Si(x 2 )S\*\qi), u = St(xi)Si(x2)S‘;Si*^*^(q,) 

is possible. In this case we get [n] —t [n]. □ 

For each e,a = 0, 1, denote by IFeo- the set of all elements of the form 

such that i = 0 if £ = 1 and j = 0 if a = 1. In particular, we have Wn = {!}■ 

Corollary 1. Let u and v he two elements of the form ^ such that {u} = {n} = xiX 2 . 
Then the equality & holds only if w G Wsa and in this case 

u — V = wg{i, e, a). 

Proof. Again consider only the case e = 1 and a = 0. If {u} = {n} = X 1 X 2 , then using 
the proof of Lemma IU we get 

s = 0, r = 0, 

and consequently, 

u = xiX 2 Sl'^^{qi),v = xiX 2 SfS 2 ~^^~^^{qj),w = X 2 SI e Wio- 

Then 

w{g{i,1,0)) = u — V. □ 

Corollary 2. If m E S, then gm G /. 

Proof. If m G S', then there exists a sequence of configurations 

[1, 2^ , 0] = Co —)■ Cl ^ . Cr = [0,1, 0]. 

of the Minsky machine M. For each conhguration Cj there exists a unique element Uj of 
the form ([HD such that [uj] = c* and {«*} = X 1 X 2 . Notice that gm = Uq — u^. By Lemma 
[3] and Corollary [H we have Ui — Uj+i G / for all 0 < z < r. Consequently, 

gm — ^0 — (^0 ^ 1 ) T (^1 nf) T • • • T (ut -—1 Uj.) G I. IT 

Lemma 5. If gm is a linear combination of elements of the form 

wg{i,e,a), 


where w G Wea, then m ^ S. 
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2^1 

Proof. Put u = XiX2Sf (gi) and v = XiX26i{qo). Then = u — v. By Lemma 01 we 
may assume that 

(8) U - V = Ai(Mi - Ui) + A 2 (m 2 - V2) + . . . + XriUr - Ur), 

where all Ui, Vi are elements of the form ([6]) and [uj\ [uj] for all 1 < i < r. Assume that 
r is the minimal number satisfying ([H]). This condition immediately implies that Ui 7^ Vi. 

In order to prove that m G S', it is sufficient to show the existence of a sequence of 
conhgurations of the form 

N ^ ^ H- 

If Ui = Uj, then Vi = Vj since [uj] —)■ [vi] for all i. Consequently, we may assume that all 
Ml,M2, ■ ■ ■ ,Ur are different. The machine M at the conhguration [m] = [ 0 , 1 , 0 ] immediately 
stops its work since it is in the internal state go- For the same reason, the machine at the 
conhgurations [mi], [M2], - - -, [m^] is not in the internal state go- This means that v contains 
go and Mi, M2, - - -, m^ do not contain it. 

All elements m, m, Mi, Mi, ..., Ur, belong to a linearly independent set of elements ([HD. 
Then the equality ([HD implies that v coincides with one of Mi,M2, ... ,Vr. Without loss of 
generality, we may assume that m = Mi. If m = Mi, then [m] = [mi] —)■ [mi] = [m]. Otherwise 
([HD implies that mi coincides with one of V2, ■ ■ ■ ,Vr. Without loss of generality, we may 
assume that mi = M2. 

Continuing this discussion, we may assume that v = mi,mi = V2,... ,Us = Ms+i, m 7^ 
Ml, M2, ..., Ms, and s is the maximal number with this property. If m = Ms+i, then 

[m] = [Ms+i] ^ [Ms+i] = [Ms] ^ [mi] = [m]. 

If M 7^ Ms+1, then ([HD implies that Ms+i coincides with one of Mi, M2,..., m^. If Ms+i = Vj for 
some 1 < j < s + 1, then we get 

{Uj - Vj) + {Uj+i - Vj+i) + . . . + (Ms+ 1 - Ms+i) = 0 . 

This allows to reduce the number r in f[8l). 

Consequently, Ms+i coincides with one of Ms+2, ..., m^. We may assume that Ms+i = Ms+ 2 
and this contradicts the maximality of s. □ 

We intentionally avoided to use the acyclicity of M in the proof of Lemma [HI The next 
lemma is not true for machines without cycles. 

Lemma 6. The set of elements of the form 

( 9 ) wg{i,e,a), 

where w G Wo-, 1 < * < ri, and e,a G { 0 , 1 }, are linearly independent over d*. 

Proof. By Lemma 01 every element of the form ([HD can be represented as m — m, where 
M and M are elements of the form ([HD such that {m} = {m} and [m] —)■ [m]. 

First of all, notice that m — m 7^ 0 . If m = m, then [m] —)■ [m] = [m] becomes a nontrivial 
cycle of the machine M. Recall that M is acyclic. 

A nontrivial linear dependence of elements of the form ([HD can be written in the form 

( 10 ) Ai(Mi - Ml) + A2 (m2 - M2) + ... + Xr{Ur - Vr) = 0 , 
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where 0 7 ^ Ai, A 2 ,..., A,- G <h and Ui and Vi are elements of the form ([ 6 ]) snch that 
{ui} = {vi} and [uj\ —)■ [wi] for all i. 

We noticed that Ui = uj implies Vi = Vj. Therefore, we may assnme that all mi, ^ 2 , ■ ■ ■, Mr 
are different. Start with vi as in the proof of Lemma El We have [mi] [ni]. Then fllUp 
implies that Ui coincides with one of ^ 2 , M 3 ,..., We may assnme that Ui = V 2 - If 
M 2 = Ml, then we get a cycle [^ 2 ] —t [^ 2 ] = [mi] —t [mi] = [^ 2 ] of the machine M. We also 
know that U 2 7 ^ M 2 . Consequently, U 2 coincides with one of V 3 ,... ,Vr- 

Assume that ui = V 2 , ■ ■ ■ ,Us = Ms+i and s is the maximal number with this property. 
If Us+i = Vj for some 1 < j < s + 1, the we get a cycle 

[n^+i] -)■ [vs+i] = [us] [m^] [vj] = [n^+i] 

of M. Consequently, Us+i 7 ^ Mi,n 2 , • • • W^+i. Then flTOj) implies that Us+i coincides with 
one of m<j+ 2 , ... yVr- We may assume that Us+i = Vs +2 and this contradicts to the maxi- 
mality of s. □ 

Lemma 7. If Qm £ I, then m & S. 

Proof. Let G I. Then 

(11) 9m = Xs,i,s,aWs{e,a)g{i,e,a), 

S,i,€,(7 

where Xs,i,£,a G "h and Ws{e, a) G are elements of the form ([5]). 

Notice that all elements Ws{e, a)g{i,e, a) and gm are homogeneous with respect to each 
set of variables (I3])-(I1]) and with respect to degree function deg. Recall that 

degigm) = 3, deg( 5 ((b e,a)) = l + e + a. 

Consequently, we may assume that Ws(e,a) G I4,o- in IfTT]) - 

Suppose that there exists at least one Ws(e,a) that does not belong to In this 

case we get Deg(tas(£, £, a)) > (1,1) by Corollary [1] Let (c,d) be the highest 
degree of all elements Ws(e, cr)g(i, e, a) participating in (ITT]) with respect to Deg. We have 
(c,d) > ( 1 , 1 ) = Deg(gm)- Then the equality flTT]) implies a nontrivial linear dependence 
of the highest homogeneous parts Ws(e,a)g(i,e,a) of elements Ws(e, a)g(i, e, a) with the 
degree (c,d). It is impossible by Lemma El 

Therefore, we may assume that all Ws(£,a) in fllll) belong to Then Lemma El 

implies that m G S'. □ 

Proof of Proposition 1. Notice that G / + J in the algebra A if and only if g^ ^ I 
in the algebra B. By Corollary [2] and Lemma [71 gm ^ I if and only if m G S'. □ 
Proposition [H immediately implies the next result. 

Theorem 1. The ideal membership problem for differential polynomial algebras with at 
least two basic derivations is algorithmically undecidable. 

Proof. Let S' be a recursively enumerable but nonrecursive set [16]. This means that 
there is no algorithm which determines for every natural m whether m G S or not. 
Assume that the algebra A and its ideal I + J are constructed by the commands of an 
acyclic machine M calculating the characteristic function of S'. By Proposition [H m G S' 
if and only if G / + J. Consequently, there is no algorithm which determines for all m 
whether /m G / + J or not. □ 
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4. The subalgebra membership problem 


Let A = {5i,..., 6 m} be a basic set of derivation operators and 0 is the free commu¬ 
tative monoid on A. Let A = ^{xi,X 2 , ■ ■ ■, Xn} be a differential polynomial algebra over 
$ and let / = [fi, f 2 ,, fr] be a differential ideal of A generated by /i, / 2 , ..., /r- Let 
B = X 2 ,..., Xn,t} be a differential polynomial algebra with one more free differen¬ 

tial variable t. We identify A with the corresponding subalgebra of B. Denote by Sj the 
differential subalgebra of B generated by 

■ ■ ■ t 6 l{t\ <^ 2(^)5 • • • ; 6 m{t), tfi, tf 2 , • • • 5 tf^. 


Proposition 2. Let f ^ A. Then f G I if and only if tf G Si. 

Proof. Let M be the free commutative monoid generated by all elements xf, where 
1 < z < n and 6 E Q. Then every element of T® is a linear combination of elements of 
the form 


If / G /, then 


mO, m G M, 6 E Q. 

f ='^ ^rnfi.imOfi 
m,6,i 


for some Xm,e,i G <h, m G M, 6 * G 0, and 1 < z < r. 

Let T be the subalgebra of Si generated by the elements 


1 ^2-1 ■■■ I 6i{tf 62 {tf . . . , 6 miff) • 


Notice that M <Z A <zT. It is easy to check that 


( 12 ) 


+g,geT. 


Consequently, 

^ Xm,9,imt9{fi) = ^ Xm,e,im9{tfi) + g, g eT. 

m,9^i m^6,i 

Therefore, tf E Si. 

Denote by deg^ the polynomial degree function on B such that degft^) = 1 and 
degfxf) = 0 for all z and 9. All generates of the subalgebra Si are homogeneous with 
respect to deg^. Denote by H the subspace of all homogeneous elements of degree 1 of Si 
with respect to deg^. Then every element of if is a linear combination of elements of the 
form 


mt^\m9{tfi), 

where 9i,9 G 0, |0i| > 1, m G M, and 1 < z < r. Taking into account 0121) . we may 
assume that every element of iL is a linear combination of elements 

mt^^ ,mt9{fi). 

Moreover, every element of H divisible by f is a linear combination of elements 

mt9{fi), m E M, 6^ G 0,1 < z < r. 
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Assume that tf G Sj for some f & A. We have tf G H and tf divisible by t. Then 

m,9,i 

Consequently, 

f = Yl e /. □ 

m,0,i 

Theorem 2. The subalgebra membership problem for differential polynomial algebras with 
at least two basic derivations is algorithmically undecidable. 

Proof. By Theorem [H the ideal membership problem is undecidable. By Proposition |2l 
if the ideal membership problem for A is undecidable, then the subalgebra membership 
problem for B is also undecidable. □ 

The method of this section gives the undecidability of the subalgebra membership 
problem for free algebras of many varieties of algebras [ 30 ] • But this method does not 
work for subhelds of helds. Recall that the subheld membership problem for helds of 
rational functions k{xi,X 2 , ■ ■ ■ ,Xn) over a constructive held k is also positively solved by 
means of Grobner bases [26]. The subheld membership problem for diherential helds of 
rational functions remains open. 
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